bstract. In this article, we study semi-linear σ-evolution equations with double damping including frictional and visco-elastic damping for any σ ě 1. We are interested in investigating not only higher order asymptotic expansions of solutions but also diffusion phenomenon in the L p´Lq framework, with 1 ď p ď q ď 8, to the corresponding linear equations. By assuming additional L m regularity on the initial data, with m P r1, 2q, we prove the global (in time) existence of small data energy solutions and indicate the large time behavior of the global obtained solutions as well to semi-linear equations. Moreover, we also determine the so-called critical exponent when σ is integers.
Introduction and main results
In this paper, let us consider the following Cauchy problem for semi-linear σ-evolution equations with frictional and visco-elastic damping terms: # u tt`p´∆ q σ u`u t`p´∆ q σ u t " |u| p , up0, xq " u 0 pxq, u t p0, xq " u 1 pxq,
where σ ě 1 and a given real number p ą 1. The corresponding linear equation with vanishing right-hand side is # u tt`p´∆ q σ u`u t`p´∆ q σ u t " 0, up0, xq " u 0 pxq, u t p0, xq " u 1 pxq.
t first, let us recall some recent results concerning the study of typical important problems of (1) and (2) with σ " 1, the so-called wave equations with frictional damping and visco-elastic damping. Of special interest are the following Cauchy problems: # u tt´∆ u`u t´∆ u t " |u| p , up0, xq " u 0 pxq, u t p0, xq " u 1 pxq.
Namely, in [14] the authors derived the asymptotic profile of the solutions in the L 2 setting to the corresponding linear equations of (3) by assuming weighted L 1,1 initial data from the energy space.
In comparison with the two types of damping terms, they analyzed the interesting properties which tell us that the effect of the frictional damping is really more dominant than that of the viscoelastic one, the so-called strong damping (see, for example, [12, 16] ), by the study of asymptotic profile as t Ñ 8. In addition, the higher order (up to the first order) asymptotic profiles of the solutions to the linear corresponding equations of (3) were discussed in the space dimension n " 1 only. Quite recently, the authors in [13] have succeeded in obtaining some higher order (greater than the second order) asymptotic expansions of the solutions to this linear equation under more heavy moment conditions on the initial data for any space dimensions by applying Taylor expansion theorem effectively (see more [17, 18, 20] ). For the treatment of the semi-linear equations (3), in [1] some obtained energy estimates combined with L 1´L1 estimates come into play to prove the global (in time) solutions for any space dimensions. Moreover, taking into consideration the effect of the two damping types as mentioned in [14] to the corresponding linear problem the authors in [15] pointed out again this effect which is still true for the semi-linear problems (3) . In particular, they indicated that the critical exponent p crit " 1`2 n coincides with the so-called Fujita exponent which is well-known to be the critical exponent for the semi-linear heat equations and the semilinear classical damped wave equations as well with nonlinearity term |u| p . Besides, not only the existence of the global solutions to (3) has been investigated but also the large time behavior of the obtained global solutions has been established in low space dimensions in [15] . Hence, related to the more general cases of (1) and (2) with σ ě 1, a natural question is whether or not the frictional damping is still more dominant than the visco-elastic one for any σ ě 1 as it happened for the case σ " 1. One of the main goals of this paper is to give a positive answer to this question. More recently, the authors in [6, 7] have studied the following Cauchy problem for structurally damped σ-evolution equations (see also [3, 4, 8] ): # u tt`p´∆ q σ u`p´∆q δ u t " 0, up0, xq " u 0 pxq, u t p0, xq " u 1 pxq.
From the point of view of decay estimates, they emphasized that the properties of the solutions change completely from the case δ " 0, corresponding to the frictional damping, to the case δ " σ, corresponding to the visco-elastic damping. More in detail, they proposed to distinguish between "parabolic like models" in the former case (see [5, 9] for the classical damped wave equations in the case σ " 1) and "σ-evolution like models" in the latter case, the so-called "hyperbolic like models" or "wave like models" in the case σ " 1 (see [5, 10] ). Roughly speaking, the asymptotic profile of the solutions to (4) with δ " 0, as t Ñ 8, is same as that of the following anomalous diffusion equations: v t`p´∆ q σ v " 0, vp0, xq " v 0 pxq,
for a suitable choice of data v 0 (see, for instance, [3, 8] ). Meanwhile, for the case δ " σ this phenomenon is no longer true, that is, some kind of wave structure appears and oscillations come into play from the asymptotic profile of the solutions to (4) . Furthermore, compared with the regularity of the initial data we can see that a smoothing effect appears for some derivatives of the solutions to (4) with respect to the time variable (see [7] ) in the latter case. This brings some benefits in treament of the corresponding semi-linear equations. Otherwise, in the former case this effect does not happen (see [6] ). In the connection between the two types of damping terms appearing in (2), the asymptotic profile of the solutions inherits both these above mentioned properties of the two kind of models to give new results. For this reason, the second main goal of the present paper is to conclude a diffusion phenomenon not only in the L 2´L2 theory (see more [8, 9] ) but also in the L p´Lq framework (see also [2, 19] ), where 1 ď p ď q ď 8. Moreover, we also establish some higher order asymptotic expansions of the difference between the solutions to (2) and those to (5) by developing several techniques in [13] . In order to explain these results more precisely, one knows that these results come from estimates for small-frequency part of the solutions to (2) whose profile is modified by the presence of the fractional damping, whereas their large-frequency profile is modified by the presence of the visco-elastic damping. Our third main goal of this paper is to prove the global (in time) existence of small data energy solutions to (1) and analyze the large time behavior of these global solutions as well by mixing additional L m regularity for the data with m P r1, 2q. Finally, when σ is integers, a blow-up result is shown to find the critical exponent p crit " 1`2 σ n .
1.1. Notations. Throughout the present paper, we use the following notations. ‚ We write f À g when there exists a constant C ą 0 such that f ď Cg, and f « g when g À f À g. ‚ We denotef pt, ξq :" F xÑξ`f pt, xq˘as the Fourier transform with respect to the space variable of a function f pt, xq. As usual, H a and 9 H a , with a ě 0, denote Bessel and Riesz potential spaces based on L 2 spaces. Here D a and |D| a stand for the pseudo-differential operators with symbols ξ a and |ξ| a , respectively.
‚ For any γ ą 0, the weighted spaces L 1,γ pR n q are defined by
‚ For any s P R, we denote rss`:" maxts, 0u as its positive part, and rss :" max k P Z : k ď s ( as its integer part. ‚ We denote N 0 :" N Y t0u. ‚ For later convenience, we put
and denote the following two quantities:
‚ Let χp|ξ|q be C 8 0 pR n q a smooth cut-off function equal to 1 for small |ξ| and vanishing for large |ξ|. We decompose a function f pt, xq into two parts localized separately at low and high frequencies as follows:
where we denote f low pt, xq " F´1`χp|ξ|qf pt, ξq˘and f high pt, xq " F´1´`1´χp|ξ|q˘f pt, ξq¯.
‚ Applying the Fourier transform to (2) we have
The characteristic equation of (6) is
he solution to (7) can be given by
i.e., # λ`"´|ξ| 2σ , λ´"´1 if |ξ| ď 1, λ`"´1, λ´"´|ξ| 2σ if |ξ| ě 1.
So we explicitly write down the solution formula in the Fourier space as follows:
Note that tξ P R n : |ξ| " 1u is not a singular set. Indeed, we can give an equivalent formula:
‚ For purpose of this paper, we write v 0 :" u 0`u1 . So we fix the initial data v 0 " u 0`u1 to (5).
Main results.
Let us state the main results that will be proved in this paper. At first, we indicate higher order asymptotic expansions of the solutions to (2) with weighted initial data. Theorem 1.1. Let n ě 1 and u 0 , u 1 P L 1,γ pR n q X L 2 pR n q with γ ě 0. Take k P N 0 satisfying λpkq ď γ ă λpk`1q. Then, the function u defined by (8) 
Here, we introduce A 
The second result is concerned with the diffusion phenomenon in the L p´Lq framework with 1 ď p ď q ď 8 to (2). Theorem 1.2. Let 1 ď p ď q ď 8. Let u be the solution to (2) and let v be the solution to (5) . Then, for large t ě 1 we have the following L p´Lq estimate:
for all a ě 0, j " 0, 1 and for all space dimensions n ě 1.
The third result contains the global (in time) existence of small data energy solutions to (1).
Moreover, we suppose the following condition:
Then, there exists a constant ε ą 0 such that for any small data
we have a uniquely determined global (in time) small data energy solution
to (1) . The following estimates hold:
Next, we obtain the large time behavior of the global solutions to (1). 
for j, k " 0, 1 and pj, kq ‰ p1, 1q. Here, we denote the quantity
Finally, we obtain the blow-up result to (1).
Theorem 1.5. Let σ ě 1 be an integer. We assume the initial data u 0 " 0 and u 1 P L 1 X L 2 satisfying the following relation:
Moreover, we suppose the condition
Then, there is no global (in time) energy solution to (1) . In other words, we have only local (in time) energy solutions to (1) , that is, there exists T ε ă 8 such that
Remark 1.1. If we choose m " 1 into Theorem 1.3, then from Theorem 1.5 it is clear to see that the exponent p given by p " ppn, σq " 1`2 σ n is really critical. The structure of this paper is organized as follows: Section 2 is devoted to estimates for the solutions to (2) . In particular, we present some pL m X L 2 q´L 2 and L 2´L2 estimates for the solutions with m P r1, 2q, give the proof of higher order asymptotic expansions of the solutions with weighted initial data, and prove the diffusion phenomenon in the L p´Lq framework with 1 ď p ď q ď 8 to (2) in Sections 2.1, 2.2 and 2.3, respectively. We prove the global (in time) existence of small data energy solutions to (1) in Section 3.1, and derive their large time behavior in Section 3.2. Finally, in Section 4, we show the blow-up result and find the critical exponent as well.
. Estimates for the solutions of the linear Cauchy problem
Proposition 2.1. Let m P r1, 2q. Then, the Sobolev solutions to (2) 
and the
for any a ě 0, j " 0, 1 and for all space dimensions n ě 1.
Proof. To derive pL m X L 2 q´L 2 estimates, our strategy is to control L 2 norm of the low-frequency part of the solution by L m norm of the data, whereas its high-frequency part is estimated by using L 2´L2 estimates with a suitable regularity of the data u 0 and u 1 .
We shall divide our considerations into two steps. In the first step, let us devote to estimates for low frequencies. We denote m 1 as a conjugate number of m, this is, (8), using the formula of Parseval-Plancherel and Hölder's inequality leads to
For the sake of Young-Hausdorff inequality, we can control 
Therefore, from (20) to (22) we arrive at
Next, let us turn to estimate the solution and some of its derivatives to (2) for large frequencies. Thanks to (10), we apply again the formula of Parseval-Plancherel and use a suitable regularity of the data u 0 and u 1 to find the following estimate:
From (23) and (24) we may conclude all the desired estimates. Summarizing, the proof of Proposition 2.1 is completed.
Remark 2.1. Here we want to underline that the exponential decay e´t appearing in the proof of Proposition 2.1 is better than the potential decay. Since we have in mind that the characteristic roots λ˘are negative in the middle zone |ξ| P ε,
( with a sufficiently small positive ε, the corresponding estimates yield an exponential decay in this zone, too.
2.2.
Asymptotic profile and higher order asymptotic expansions. In this subsection we obtain higher order asymptotic expansions of the solution to (2) in the Fourier space (see Theorem 1.1). It is necessary to analyze the solution formulas (8)- (11) in the low-frequency region. In order to state Lemma 2.1, which is a key to derive Theorem 1.1, we prepare the following notation and definition.
For f P L 1,γ pR n q, we put
Definition 2.1. For 0 ă σ P R, set S :" t2σℓ`j : ℓ, j P N 0 u. We define the following function inductively:
(1) Now we deal with the case of σ ě 1 and thus it holds that
The sum ÿ 0ď2σℓ`jďλpkq is taken over all ℓ, j P N 0 satisfying 0 ď 2σℓ`j ď λpkq.
Remark 2.3.
(1) The function (25) itself can be defined for v 0 P L 1,γ pR n q with γ ě rλpkqs. For later necessarity, it suffices to consider (25) for v 0 P L 1,γ pR n q with γ ě λpkq.
We can easily see that the difference between the heat flow and equation (2) will come out first in the k-th order expansion A σ,v 0 k with k ď σ ă k`1. However, it seems difficult to write down A σ,v 0 k for large k P N 0 . In [13] , the case of σ " 1 was completely investigated.
Lemma 2.1. Let n ě 1 and v 0 P L 1,γ pR n q with γ ě 0. For this γ, there exists a unique number k P N 0 satisfying λpkq ď γ ă λpk`1q. Then, it holds thaťˇF
for ξ P R n with |ξ| ď 1{2.
Proof. For given γ ě 0, we can find k P N 0 satisfying λpkq ď γ ă λpk`1q. In this setting we have rγs " rλpkqs.
f not, then there exists an integer b P N such that λpkq ă b ď γ ă λpk`1q. All natural numbers are included in tλpjq : j P N 0 u and so this is a contradiction. It follows that
From (86), we see thaťˇˇˇˇˇ¨r
for ξ P R n with |ξ| ď 1{2. Since 2σprγs`1q ą γ, one easily sees thatˇˇˇˇˇ|
for ξ P R n with |ξ| ď 1{2. Thus, we arrive aťˇˇˇˇˇF
for ξ P R n with |ξ| ď 1{2. If rλpkqs " 0, i.e., k " 0, then
So in this case we obtain the lemma. On the other hand, if rλpkqs ě 1, we have λpkq ă p2σ`1qrλpkqs P S.
Hence, it follows thaẗ
Thus, it holdšˇˇˇˇˇˇˇÿ
λpk`1qď2σℓ`jďp2σ`1qrλpkqs, 0ďjďrγs¨|
for ξ P R n with |ξ| ď 1{2. Therefore, we obtain (26).
Proof of Theorem 1.1. It follows from Lemma 2.1 with Lemma 4.1 that
We employ (11) to derive |ûpt, ξq| À e´t|x u 0 pξq|`te´tp|x u 0 pξq|`|x u 1 pξq|q for t ě 0 and ξ P R n with |ξ| ě 1{2. We can easily see thaťˇA
for t ě 1 and ξ P R n with |ξ| ě 1{2. Thus, there exists a constant c P p0, 2´p 2σ`1q s such that › ›û pt, ξq´A
Inequalities (27) and (28) give (12) . By (87), we can also obtain (13) . See the corresponding proof in [13] and details are left to the reader.
Recalling (12) in Theorem 1.1 with γ " 1 we can obtain the following corollary since
Corollary 2.1. Let n ě 1 and u be the function defined by (8)- (11) .
We may conclude the following optimal result at the end of this subsection.
Corollary 2.2. Let n ě 1 and u be the function defined by (8)- (11) .
Here, C 1 ą 0 and C 2 ą 0 are constants independent of t and the initial data.
Proof. The second inequality can be easily given with the aid of (8)- (11) or (12) with γ " 0. So we confirm the first inequality. To do so, it suffices to consider the case that P 0`P1 " 0. In this situation one has
Here, we used (13) with γ " 0, that is,
" 0.
For t ě 1, we have
and thus the corollary is obtained.
2.3.
Diffusion phenomenon in the L p´Lq framework. In this section, we shall discuss a relation between the solutions to (2) and to the anomalous diffusion equation (5) . Clearly, if we consider the power σ " 1, then it corresponds to the classical heat equation. Let pu 0 , u 1 q be given data to (2). If we can find an appropriate data v 0 to (5) such that the difference of the corresponding solutions upt,¨q´vpt,¨q possesses a decay rate as t Ñ 8 in a suitable norm, then one says that the asymptotic behavior of both the solutions is the same for large time. This effect is the so-called diffusion phenomenon.
The application of partial Fourier transform to (5) leads to
Hence, the solution to (29) is written by the formulâ
Recalling the abbreviation G σ pt, xq gives
Because of the presence of the frictional damping term in (2), considering large frequencies |ξ| and large time t we can conclude some exponential decay estimates for the solutions to (2) as we derived (24). Moreover, it holds that we may arrive at an exponential decay for the solutions to (5) for large frequencies |ξ| and for large times t. This means that the difference between the solutions to (2) and (5) decays. Hence, the obtained decay rate of the difference is optimal. For this reason, it is suitable to focus our attentions on estimates for the difference localized to small frequencies. Our approach to prove Theorem 1.2 is based on applying the following two auxiliary results. The first one is a result for radial convolution kernels. for some α ą´1, β ą 0 and k ď rpn`3q{2s. Then, it holds
The second result is related to L r estimates for multipliers. Lemma 2.3. Let n ě 1 and r P r1, 8s. Then, for all a ą 0 it holds
Proof. First it is clear to see that K P L 8 . For this reason, in order to prove K P L r for all r P r1, 8s, we only indicate K P L 1 and apply an interpolation argument. Indeed, we shall split our considerations into two cases. In the first case of |x| ď 1, it is obvious to conclude the desired statement. Let us devote to the second case of |x| ě 1. Because the function in the parenthesis in (32) is radially symmetric with respect to ξ, the inverse Fourier transform is radially symmetric with respect to x, too. Applying the modified Bessel functions from Proposition 4.3 we obtain
Kpxq " c
Let us consider odd spatial dimensions n " 2m`1, m ě 1. Introducing the vector field Xf prq :" 1´r 2σ¯χ pkq prqr a`j´1 sinpr|x|qdr with some constants c jk . Hence, it is reasonable to estimate the integrals
1´r 2σ¯χ pkq prqr a`j sinpr|x|qdr.
For k ě 1, due to the fact that for all l ě 0ˇˇB l r´1 1´r 2σ¯ˇď C l on the support of the derivatives of χ, we perform one more step of partial integration to get
For k " 0, because of the small values of r, we arrive aťˇˇB
n the support of χprq. Consequently, it deduces for small r and j " 0,¨¨¨, m the estimatešˇˇB
on the support of χprq. By dividing the integral (35) into two parts, on the one hand, we havěˇˇż
On the other hand, after carrying out one more step of partial integration in the remaining integral we can proceed as follows:ˇˇż
Here we notice that for all j " 0,¨¨¨, m and for small |ξ| it holdšˇˇB r´B j`1 r´1 1´r 2σ¯χ prqr a`j¯ˇÀ r a`2σ´2 .
From (34) to (38) we have produced term |x|´p n`1q which guarantees the L 1 property in x. Therefore, we may conclude K P L 1 for all n " 2m`1.
Let us consider even spatial dimensions n " 2m, m ě 1. After carrying out m´1 steps of partial integration we derive
Kpxq " c |x| 2m´2
Using the first rule of the modified Bessel functions for µ " 1 and the fifth rule for µ " 0 from Proposition 4.3, after two more steps of partial integration we arrive at
Due to small r, it implies the following inequality:ˇˇB r´Br´1 1´r 2σ χprqr a¯r¯ˇÀ r a´1 on the support of χprq. By the aid of the estimates |J 0 psq| ď C for s P r0, 1s, and |J 0 psq| ď Cs´1 2 for s ą 1, we getˇˇˇż
with a sufficiently small positive constant ε, respectively. As a result, from (40) to (42) we obtain K 0 P L 1 . Let j P r1, m´1s be an integer. By applying again the first rule of the modified Bessel functions for µ " 1 and the fifth rule for µ " 0 from Proposition 4.3 and carrying out partial integration we can re-write K j pxq in (39) as follows:
Repeating an analogous treatment as we did for K 0 " K 0 pxq we derive K j P L 1 for j " 1,¨¨¨, m´1. Therefore, we may conclude the desired estimate K P L 1 for all n " 2m. Summarizing, this completes the proof of Lemma 2.3. (8) and (30), we obtain
Proof of Theorem 1.2. Thanks to the solution formulas
Applying Young's convolution inequality and Lemma 2.3 we can proceed (43) as follows:
where r 1 P r1, 8s fulfills 1 r 1`1 p " 1`1 q , and
where ε is a sufficiently small positive constant and r 2 P r1, 8s satisfies 1`1 q " 1 r 2`1 p˚. Here we used the property of the normalized Riez potential in Remark 2.4 below. In order to control (44), we re-write
ue to the small value of |ξ|. Hence, using Lemma 2.2 we arrive at the following estimate:
for large t. Therefore, from (43) to (47) we may conclude the desired estimates. This completes the proof of Theorem 1.2.
Remark 2.4. Here we want to underline that in the proof of (46) we used the property of the normalized Riez potential (see more Remark 2.1 in [2] )
where ε P p0, nq. In particular, if f P L p for some p P`1, n ε˘, then the following properties hold:
where 1 p´1 p˚" ε n .
Treatment of the corresponding semi-linear model

Global (in time) existence of the solution.
Proof of Theorem 1.3. We choose introduce the solution space
with the norm
By recalling the fundamental solutions from (9), we can write the solutions of the corresponding linear Cauchy problems with vanishing right-hand sides to (1) as follows:
Using Duhamel's principle we get the formal implicit representation of the solutions to (1) in the following form:
We define for all t ą 0 the operator N : u P Xptq ÝÑ N u P Xptq by N upt, xq " u ln pt, xq`u nl pt, xq.
We will show that the operator N fulfills the following two inequalities:
After that, applying Banach's fixed point theorem we gain local (in time) existence results of large data solutions and global (in time) existence results of small data solutions as well. From the definition of the norm in Xptq, by plugging a " 0, a " σ and j " 0, 1 into the statements from Proposition 2.1 we arrive at
Thus, it is reasonable to indicate the following inequality instead of (48):
At the first stage, let us prove the inequality (51). In order to deal with some estimates for u nl , we use the pL m X L 2 q´L 2 estimates if τ P r0, t{2s and the L 2´L2 estimates if τ P rt{2, ts from Proposition 2.1. As a result, we derive the following estimates for k " 0, 1:
Hence, it is clear to estimate |upτ, xq| p in L m X L 2 and L 2 . Namely, we can proceed as follows:
. By applying the fractional Gagliardo-Nirenberg inequality from Proposition 4.1 we obtain
provided that the conditions (14) and (15) are satisfied. Consequently, we arrive at
Here we notice that p1`t´τ q « p1`tq if τ P r0, t{2s and p1`τ q « p1`tq if τ P rt{2, ts. Since the condition (16) holds, it is equivalent to´n 2mσ pp´1q ă´1. Moreover, it is clear to see that
From both the above estimates we may conclude
or k " 0, 1. In the similar way we also derive the following estimate:
p1`t´τ q´1dτ.
It is obvious that the first integral will be handled as before. For this reason, we only need to estimate the second one. In particular, we have
Here because of´n 2mσ pp´1q ă´1, we choose a sufficiently small positive number ε satisfying ε ă´1`n 2mσ pp´1q. Therefore, we arrive at
From the definition of the norm in Xptq, we may conclude immediately the inequality (51).
Next, let us prove the inequality (49). Taking account of two elements u and v from Xptq, we get N upt, xq´N vpt, xq " u nl pt, xq´v nl pt, xq.
Using again the pL m X L 2 q´L 2 estimates if τ P r0, t{2s and the L 2´L2 estimates if τ P rt{2, ts from Proposition 2.1, we obtain the following estimates:
Applying Hölder's inequality leads to
Analogously to the proof of (51), we employ the fractional Gagliardo-Nirenberg inequality from Proposition 4.1 to the terms
with η " 2p or η " mp to conclude the inequality (49). Summarizing, the proof of Theorem 1.3 is completed.
3.2.
Large time behavior of the global solution. In order to prove Theorem 1.4, we need some auxiliary estimates as follows:
Proposition 3.1. The Sobolev solutions to (2) satisfy the following estimate for j, k " 0, 1 and pj, kq ‰ p1, 1q:
, for large t ě 1 and for all space dimensions n ě 1.
Proof. Following the proof of Corollary 2.1 with a minor modification we can conclude the proof of Proposition 3.1.
Proposition 3.2. The Sobolev solutions to (2) satisfy the following estimate for large t ě 1:
Proof. For small frequencies, we can repeat exactly the same way as we did in the proof of Theorem
Taking account of large frequencies we can proceed as follows:
Here we notice that we used Parseval-Plancherel formula in (57). Moreover, for the second term in (58) and (59) we applied Hölder's inequality and Lemma 4.1 combined with Young-Hausdorff inequality, respectively. Therefore, from the above estimates we may conclude the desired statement what we wanted to prove.
Proposition 3.3. The Sobolev solutions to (2) satisfy the following estimate for large t ě 1:
for any a ě 0, j " 0, 1 and for all space dimensions n ě 1. Moreover, the following estimate holds for any t ą 0:
Proof. To derive (60), we repeat some arguments as we did in the proof of the second term in (59). By the aid of Parseval-Plancherel formula and a change of variables when needed, we may conclude the proof of (61). Hence, this completes the proof of Proposition 3.3.
roof of Theorem 1.4. Thanks to the statement in Proposition 3.1, we only indicate the following estimate in place of (17):
by recalling the presentation of the solutions upt, xq " u ln pt, xq`u nl pt, xq to (1) as in Theorem 1.3. Due to the fact that K 1 p0, xq˚x |upt, xq| p " 0, we can re-write the above estimate in the equivalent form
Now we shall separate the left-hand side term of (62) in L 2 norm into five sub-terms as follows:
": I 1 pt, xq`I 2 pt, xq`I 3 pt, xq`I 4 pt, xq´I 5 pt, xq.
At first, let us estimate I 1 pt, xq. Namely, applying the statement (56) leads to
Here we used (52), (53) and the relation t´τ « t if τ P r0, t{2s in (64). Moreover, in order to derive (65) we notice that the condition (16) implies the integrability of both the above integrals. In the second step, taking account of I 2 pt, xq we repeat exactly the arguments as we did in the proofs of (54) and (55) to obtain }I 2 pt,¨q} L 2 À p1`tq´n 4σ´k 2´j´ε (66) where ε is a sufficiently small positive satisfying 2ε ă´1`n 2σ pp´1q. To control I 3 pt, xq, by using the mean value theorem on t we get the following representation:
with a constant ω 1 P r0, 1s. Hence, we can proceed as follows:
Employing (60) gives
where we used (52) and the relation t´ω 1 τ « t if τ P r0, t{2s. Thus, we may arrive at
as t Ñ 8, with a sufficiently small positive number ε such that´n 2σ pp´1q`1 ă´ε. Let us now devote to the estimate for I 4 pt, xq. To do this, we shall divide our attention into two parts. In particular, we write
kσ`G σ pt, x´yq´G σ pt, xq˘|upτ, yq| p dydτ ": I 41 pt, xq`I 42 pt, xq.
For the first integral I 41 pt, xq, using the mean value theorem on x we derive G σ pt, x´yq´G σ pt, xq "´y B x G σ pt, x´ω 2 yq with a constant ω 2 P r0, 1s. For this reason, we may conclude the following estimate:
|y| |upτ, yq| p dydτ`by p61qÀ
n order to deal with the other interesting integral I 42 pt, xq, we notice that by (52) again it holds |upτ, yq| p dydτ À t´n 4σ´k 2´j´ε .
From (68) and (69), we arrive at
Finally, we need to control I 5 pt, xq to complete our proof. For this purpose, by (61) again we have 
as t Ñ 8 and ε is again chosen as a sufficiently small positive to guarantee´n 2σ pp´1q`1 ắ ε. Consequently, combining (63) to (71) we may conclude (62). Summarizing, Theorem 1.4 is proved.
Blow-up result
In this section, our aim is to verify the critical exponent to (1) . To state our result, we recall the definition of the weak solution to (1) (see, for instance, [15] ). Definition 4.1. Let p ą 1 and T ą 0. We say that u P L p loc pr0, T qˆR n q is a local weak solution to (1) 
If T " 8, we say that u is a global weak solution to (1) . The main ideas of our proof of blow-up result are based on a contradiction argument by using the test function method (see, for example, [4, 21] ). Due to the fact that this method, in general, cannot be directly applied to the fractional Laplacian operators p´∆q σ as well-known non-local operators, the assumption for integer σ comes into play in our proof.
Remark 4.1. Here we want to emphasize that for all small positive constants ε the lifespan T ε of the solution to the given data p0, εu 1 q in Theorem 1.5 can be estimated as follows:
with C ą 0.
Indeed, let us now consider the case of subcritical exponents. We suppose that u " upt, xq is a local (in time) energy solution to (1) in pr0, T qˆR n q. To varify the lifespan estimate, we take the initial data p0, εu 1 q in place of p0, u 1 q with a small positive constant ε where u 1 P L 1 X L 2 satisfies the assumption (18) . In the same way as we did in the steps of the proof of Theorem 1.5, we obtain the following estimte: For the proof one can see [11] .
A.2. Modified Bessel functions
Proposition 4.2. Let f P L p pR n q, p P r1, 2s, be a radial function. Then, the Fourier transform F pf q is also a radial function and it satisfies 
